We present the main features of the solution of the gravitino and dilatino Killing spinor equations derived in hep-th/0510176 and hep-th/0703143 which have led to the classification of geometric types of all type I backgrounds. We then apply these results to the supersymmetric backgrounds of the heterotic string. In particular, we solve the gaugino Killing spinor equation together with the other two Killing spinor equations of the theory. We also use our results to classify all supersymmetry conditions of ten-dimensional gauge theory.
The effective theory of the heterotic string can be described by a type I supergravity which includes higher curvature corrections that are organized in an α ′ and g s expansion. The α ′ corrections can be computed by a sigma model loop calculation and modify the field equations of the theory. In addition, the anomaly cancelation mechanism modifies the Bianchi identity of the three-form field strength. Up to and including two-loops in the sigma model computation, the Killing spinor equations of the effective theory [1, 2, 3] can be written as
where we have suppressed the spacetime indices and the gamma matrix dependence 1 . The first equation is the gravitino Killing spinor equation for a metric connection∇ with torsion the three-form field strength H. The second equation is the dilatino Killing spinor equation, where Φ is the dilaton, and the last is the gaugino Killing spinor equation, where F is the gauge field strength. It is clear that these Killing spinor equations are as those expected from type I supergravity to the order indicated. The only difference is that H is not closed. In particular it is modified at one-loop due to the Green-Schwarz anomaly cancellation mechanism as
whereŘ is the curvature of the connection∇ = ∇ − 1 2 H with torsion −H. The field equations of the effective theory up to and including two-loops in the sigma model computation can been found in [4] .
We have presented the Killing spinor equations of the effective theory as an α ′ -expansion containing high order curvature terms. These are not known to all orders. However, the Killing spinor equations and the modified Bianchi identity have also been viewed as exact, see e.g. [8] . In such a case, all O(α ′2 ) terms are neglected and the remaining α ′ dependence suppressed. The two-loop contribution to the Einstein equation and in particular theŘ 2 term is needed for consistency [9] , see also [10] . There is also a growing literature on geometries with skew-symmetric torsion in differential geometry, see e.g. [11] [12] [13] [14] [15] [16] [17] [18] .
In [5, 6] , applying the spinorial method of [7] , the gravitino and dilatino Killing spinor equations (1) were solved in all cases and the underlying geometry of the spacetime was presented. The gaugino Killing spinor equation was not solved explicitly. This is because in most cases it does not affect the geometry of spacetime. It is easy to see that the gaugino Killing spinor equation is "decoupled" from the gravitino and dilatino ones. However, the gauge field strength F contributes in the modified Bianchi identity (2) for H. Since in the solution of the gravitino and dilatino Killing spinor equations in [5, 6] it was not assumed that dH = 0, it was not deemed necessary to solve the gaugino Killing spinor equation. One exception to this are the backgrounds withR = 0 for which one needs dH = 0 to argue that the spacetime is a group manifold. But if F = 0, then the modified Bianchi identity may give dH = 0 and so the geometry may be deformed away from that of a group manifold. Nevertheless the ten-dimensional spacetime is parallelizable with respect to a metric connection with skew-symmetric torsion. It can be shown that such manifolds are either Lorentzian Lie groups or a product of the Lorentzian Lie group with S 7 [19] .
To incorporate the gaugino Killing spinor equation with the other two Killing spinor equations and to consider the effect that the anomaly cancelation mechanism has on the geometry, we shall solve the gaugino Killing spinor equation in all cases. As a consequence, we solve the supersymmetry condition F ǫ = 0 for all gauge theories up to ten dimensions. We find more cases than those that have appeared in the literature so far, see e.g. [20] .
Before we proceed to do this let us recall the essential ingredients of the classification of geometric types of supersymmetric backgrounds in [5, 6] . The first step is the observation that the integrability condition of the gravitino Killing spinor equation giveŝ
which implies that either the isotropy group, Stab(ǫ 1 , . . . , ǫ L ), of the parallel spinors, ǫ 1 , . . . , e L , is a proper subgroup of the holonomy group 2 Spin(9, 1), or the isotropy group is {1} andR = 0. In the latter case the backgrounds are parallelizable, and if dH = 0 they are group manifolds. The complete list of isotropy groups of spinors in Spin(9, 1) has been given in [6] , for previous work see [21] . This list characterizes all the solutions of the gravitino Killing spinor equation.
Suppose we have a solution of the gravitino Killing spinor equation with L parallel spinors. To solve the dilatino Killing spinor equation, consider the group
where P is the L-plane spanned by all parallel spinors. One can then show that the first Killing spinor ζ 1 , which is a linear combination of ǫ 1 , . . . , ǫ L , can be chosen as a representative of the orbits of Σ(P) on P. Having found the first Killing spinor, one can see that the second ζ 2 can be chosen as the representatives of the orbits of Stab(P 1 ) ⊂ Σ(P) on P/P 1 , where P 1 = R < ζ 1 >. This can be repeated to find representatives for all the spinors. For N ≥ L/2, it more convenient to find the representatives of the normals rather than the Killing spinor themselves. Using the machinery described and applying the spinorial geometry technique the dilatino Killing spinor equation can be solved in all cases. The list of all Σ(P) groups has been given in [6] , see also table 1.
To solve all the Killing spinor equations (1), it is convenient to consider these equations in the following order
Starting from a solution of the gravitino Killing spinor equation, we determine those parallel spinors which also solve the gaugino Killing spinor equation. Finally, given a solution of the gravitino and gaugino Killing spinor equations, we shall describe how all solutions of the dilatino Killing spinor equation can be found. There may be backgrounds for which the dilatino Killing spinor equation has more solutions than the gravitino one. However, since we are interested in the solution of all Killing spinor equation, the order that we have chosen to solve them is not essential. In addition the gravitino Killing spinor equation has a direct topological and geometric significance and so it makes sense to consider it first.
Parallel spinors In the columns are a basis in the space of parallel spinors, their isotropy groups in Spin(9, 1) and the Σ(P) groups, respectively. The basis of parallel spinors is always real. So if a complex spinor is given as a basis spinor it is understood that one should always take the real and imaginary parts.
Starting from a solution of the gravitino Killing spinor equation, one can argue that the spinors that solve the gaugino Killing spinor equation can be selected up to Σ(P) transformations, where P is the space of parallel spinors as before. The argument for this is similar to that presented in [6] for selecting the spinors that solve the dilatino Killing spinor equation. An additional simplifying factor here is that F ǫ = 0 has a non-trivial solution iff the spinors that solve the gaugino Killing spinor equation have a non-trivial isotropy group in Spin(9, 1). This is because F is a Lie algebra valued two-form, and the space of two forms at every spacetime point can be identified with the Lie algebra spin(9, 1). Thus F ǫ = 0 can be viewed as an invariance condition for ǫ under spin(9, 1) rotations generated by F . It turns out that this imposes strong restrictions on the solutions. In particular, it follows that the solutions of both gravitino and gaugino Killing spinor equations can be expressed in terms of bases as those given in table 1 for the parallel spinors. Let P F denote the plane that spans the solution of the gravitino and gaugino Killing spinor equations in each case. It turns out that in all cases Σ(P F ), which we use to select the solutions of the dilatino Killing spinor equation, can always be identified with a Σ(P) group of table 1. Thus the results of [6] can then be used to solve the dilatino Killing spinor equation in all cases.
To describe the results, let N F be the number solutions of the gravitino and gaugino Killing spinor equations. The number N of Killing spinors, i.e. the number of solutions to all Killing spinor equations, is N ≤ N F ≤ L. In what follows, we shall describe the solution of the gravitino Killing spinor equation by the isotropy of the parallel spinors in Spin(9, 1). Then, we shall give all gaugino Killing spinor equations and their solutions 3 .
In addition, given a solution of both gravitino and gaugino Killing spinor equations, we shall indicate which dilatino Killing spinor equations remain to be solved. In all cases, the solution of the latter is given in [6] .
There is only one possibility because N F = L = 1.
•
There are two possibilities which arise with N F = 1 and N F = L = 2. N F = 1 is the same as in the previous case. So the only new case is
The Σ(P F ) = Spin(1, 1) × U(1) group can be read from table 1. This completes the description of cases that arise from parallel spinors that have noncompact isotropy groups. For compact isotropy groups one has
Sp(2) ⋉ R
There are two possibilities, N F = 1 and N F = L = 2.
• N F = 1, F(1 + e 1234 ) = 0 =⇒ F ∈ spin(7) ⊕ R 
SU(3)
In this case N F = 1, 2 and N F = L = 4. The N F = 3 case does not occur because the gaugino Killing spinor equations has an additional solution giving N F = L = 4. There are two possibilities that occur for N F = 2.
SU(2)
In this case N F = 1, 2, 3, 4 and N F = L = 8. The N F = 5, 6, 7 cases do not occur because the gaugino Killing spinor equation has additional solutions giving N F = L = 8. The range of N F is expected but it is not a trivial result. To show this one has to substitute the spinors that occur in the dilatonic Killing spinor equation for SU(2) parallel spinors in [6] to the gaugino Killing spinor equation and eliminate several cases. For example for N F = 4, there are six possible choices for solutions of the gaugino Killing spinor equation but in fact only two of these give exactly four solutions. The rest restrict F to take values in su(2) and so the dilatino Killing spinor equation admits eight solutions. There are two possibilities that occur for N F = 2, 4.
The possibilities that arise for the gaugino Killing spinor equation have been given in [6] . There are solutions for 1 ≤ N ≤ 8. The N = 7 does not occur provided that dH = 0.
{1}
In this case all spinors are parallel. Since Σ(P) = Spin(9, 1), the spinors that are solutions of the gaugino Killing spinor equation are precisely those that appear as parallel in table 1. As a consequence the Σ(P F ) groups coincide with the Σ(P) groups in each case. In particular we have that N F = 1, 2, 3, 4, 5, 6, 8, 16. The cases N F = 7 and 8 < N F < 16 do not occur. There are two possibilities with N F = 2, 4, 8. Therefore, the condition F ǫ = 0 requires that F as a spacetime two-form takes values in the subalgebras
of spin(9, 1), where the number in parenthesis denotes N F . These are all the supersymmetry conditions of ten-dimensional gauge theory on parallelizable space and in particular on R 9,1 . There are more conditions than the BPS conditions given in [20] . Moreover the dilatino Killing spinor equations are those described in [6] for each group Σ(P F ) = Σ(P) listed in table 1. In the description of cases with compact holonomy groups above, there is a degree of repetition. This is done for clarity.
It is clear that after solving the gravitino and gaugino Killing spinor equations, the possibilities that arise for the solutions of the dilatino Killing spinor equations depend on the group Σ(P F ). Since as we have mentioned all the Σ(P F ) groups coincide with some Σ(P), the solutions of the dilatino Killing spinor equation can be read off from those of [6] . In table 2, we summarize all the cases that arise emphasizing the multiplicity of possibilities for a given number N of Killing spinors. This multiplicity is defined as the number of different dilatino KSE that one solves for a given N. Each case typically leads to a different spacetime geometry. It is easily observed that if Σ(P) is associated with a non-compact stability subgroup, then there is a unique dilatino Killing spinor equation that arises for a given N. However, if the stability group is compact, then several cases can arise. The most involved is that of Σ(P F ) = Spin(5, 1) × SU(2) for N = 4 for which there are six different types of dilatino Killing spinor equations that arise up to gauge transformations of the Killing spinor equations.
We have presented the list of geometric conditions on the spacetime that arise from the solution of the Killing spinor equations in all cases. It is not apparent that there will always be examples of spacetimes that satisfy all these conditions. The existence of solutions is another problem which has to be examined separately 4 . We have already seen in [6] that imposing dH = 0 and the field equations together with mild assumptions on the holonomy of∇ imply that large classes of possibilities do not occur. To extend this to the case that the Bianchi identity is modified, we expand the dilaton as
and similarly for the other fields. It is clear that (g 0 , Φ 0 , H 0 , A 0 ) must satisfy the Killing spinor equations and field equations with dH 0 = 0. So these are subject to the conditions mentioned above and large classes of descendants do not exist. It remains to see how the α ′ corrections modify the result. A calculation of this type has been done for holonomy SU(2) [22, 23] , holonomy SU(3) [9] and holonomy {1} [19] backgrounds. The result of the first computation is tuned to a particular example. For the SU(3) case, the computation is more general but still the spacetime is restricted to be a metric product M = R 3,1 × B. In the holonomy {1} case, the gravitational contribution to the anomaly vanishes and it can be shown that the gauge field contribution does not deform the spacetime away from a group manifold.
We have presented a complete description of the solutions of gravitino, gaugino and dilatino Killing spinor equations and we have found the geometry of all supersymmetric backgrounds of type I supergravity. It is clear that the next step is to find examples of solutions in all cases. Many are known already. For the fundamental string [24] and pp-wave propagating in R 8 solutions, hol(∇) = R 8 and all parallel spinors are Killing. For the NS5-brane solution, hol(∇) = SU(2) and again all parallel Killing spinors are Killing, and similarly for the heterotic 5-brane [22] . The holonomy of 5-brane intersections can be found in [28] , see also [29, 30] . For the background in [25] which has applications in gauge theory [26] , hol(∇) = SU(3) [27] and all parallel spinors are Killing, and similarly for the Calabi-Yau compactifications. The understanding of the geometric properties of all solutions allows us to investigate them beyond a case by case basis. The Bianchi identities, field equations and additional assumptions on the holonomy put strong restrictions on the existence of solutions. For Stab(ǫ 1 , . . . , ǫ L ) non-compact, if one assumes hol(∇) = Stab(ǫ 1 , . . . , ǫ L ), dH = 0 and the field equations, then the gravitino Killing spinor equation implies the dilatino one and all parallel spinors are Killing, so there are no descendants [6] . We can also require that the transverse spaces to the light-cone directions in the non-compact isotropy group case or the base space of the principal fibration in the compact isotropy group case to be compact. For example, this is desirable in the context of compactifications with fluxes. Such an assumption imposes restrictions on the geometry of spacetime. In particular, it has been shown that under certain conditions that smooth backgrounds of the type R 9−2n,1 × B 2n and hol(∇) ⊂ SU(n) exist, iff B 2n is a Calabi-Yau, i.e. H = 0 and the dilaton is constant [31] . This extends in a straightforward manner to all backgrounds with Stab(ǫ 1 , . . . , ǫ L ) non-compact.
Another direction to extend these investigations is to the type II common sector backgrounds. Since the Killing spinor equations in this case are two copies of the type I, it is clear that we have solved all Killing spinor equations of one of the copies. It would be interesting to find out what additional conditions one has to impose such that there are additional Killing spinors in the other copy. This would extend the work of [32] .
